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low-frequency properties are often not observable a t  hy- 
personic frequencies. 
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ABSTRACT: Depolarized dynamic light scattering spectra of dilute polymer solutions can be interpreted 
as due to the unequally weighted contributions of two processes: (1) a slow, molecular weight dependent 
contribution arising from the overall rotation of the molecule and (2) a fast, molecular weight independent 
process arising from some sort of local chain motions. To account for these observations we have derived 
an expression for the depolarized spectrum I (w)  of a schematic model consisting of a linear sequence of optically 
anisotropic segments, each of which is able to rotate about the chain axis. By coupling the rotations of adjacent 
segments harmonically, we mimic torsional oscillations of bonds about equilibrium rotation angles yi. 
Conformational transitions are mimicked by allowing the y i  to be time dependent. Our results allow the 
assessment of the relative contributions to I ( w )  of torsional oscillations, conformational transitions, and overall 
rotation; e.g., for the limiting case of a long rod with a large torsional potential, two unequally weighted 
Lorentzians occur only if conformational transitions are permitted. 

Introduction 
In addition to the now standard use of dynamic light 

scattering to obtain translational and overall rotational 
diffusion constants of macromolecules,’ there is the ad- 
ditional possibility of obtaining rate constants for internal 
motions within the macromolecule. Although the cus- 
tomary polarized measurements can yield information 
about very slow intramolecular motions provided that the 
molecular weight is sufficiently high,2 it is depolarized 
dynamic light scattering which is more promising for 
studying internal motions, irrespective of their time 
~ c a l e . ~ - ~  

The most suggestive study so far is that of Bauer, 
Brauman, and Pecora3 (BBP) on dilute polystyrene frac- 
tions in CC14. Their spectra are reported in terms of the 
contribution of two unequally weighted Lorentzians. One 
of these is a slowly relaxing molecular weight dependent 
contribution which BBP identify with the overall rotation 
of the molecule. The other is a rapidly relaxing molecular 
weight independent contribution which they attribute to 
a local motion, viz., the rotation of phenyl groups about 
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the main-chain axis. It is unclear wheather these features 
will be characteristic of the spectra of other polymer- 
solvent systems where the particular mechanism favored 
by BBP is less likely (or impossible). 

Here we consider whether some simple idealized mo- 
lecular model may, under certain conditions, exhibit the 
type of behavior observed by BBP. Evans6 has used a 
dynamic theory of Fixman’s7 to treat interacting bond 
polarizabilities and has concluded that dipole-induced 
dipole interactions involving the substituents perpendi- 
cular to the main chain are responsible for the fast re- 
laxation observed by BBP. We use a simpler model, which 
is of interest precisely because it is able to account for 
essentially those features which are experimentally ob- 
served, but without invoking either the mechanism sug- 
gested by BBP or that by Evans. 

The model is similar to that employed by Shore and 
Zwanzig8 in treating dielectric relaxation by means of a 
linear sequence of spins and to the linear elastic model 
employed both by Barkley and Zimmg and by Allison and 
Schurr’O in their treatments of fluorescent depolarization 
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by DNA. Our version of the model is a rodlike arrange- 
ment of cylindrically anisotropic segments which interact 
with adjacent neighbors harmonically.” Fluctuations of 
the polarizability, as viewed in a laboratory coordinate 
system, arise both from overall rotations of the molecule 
and from rotational motions of the segments about the 
molecular axis. The rodlike character of the model not 
only simplifies the dynamics by disallowing kinks to occur 
along the chain, but the common, though questionable,12 
assumption of the independence of local and overall 
motions is more legitimate. Although the rodlike model 
is physically unrealistic for a flexible chain molecule, it is 
instructive because it allows us to show that neither specific 
polarizability mechanisms nor chain flexibility is necessary 
as such to account for the salient features of the experi- 
mental observations. 

Theory 
Consider a collinear sequence of cylindrically optically 

anisotropic segments which can rotate about the molecular 
axis. Such rotations generate an observable change in the 
molecular polarizability. Each segment interacts with its 
adjacent neighbors by a harmonic torsional potential. This 
is the means by which torsional interactions in a real 
molecule are mimicked, whereas the cylindrical anisotropy 
of the segments plays a corresponding role for those 
motions in the side chains of real chains which generate 
fluctuations in the polarizability. The polarizability 
measured in a laboratory frame consists of contributions 
from both overall molecular rotation and segmental rota- 
tions. 

Our object is to derive a formula for I ( w ) ,  the dynamic 
light scattering spectrum. This quantity is the Fourier 
transform of the autocorrelation function of the molecular 
polarizability, ( a,,(0)ayZ*(t) ). 

Let there be N identical segments, each of which has a 
segmental anisotropy ( S )  expressed in a local segmental 
frame given by 

0 0  

4 S ) =  ;’ .,1 (1) 

It is convenient to use spherical components when treating 
the polarizability of both the segments and the molecule. 
For the segmental anisotropy it is convenient to define the 
quantities ha and A@ as follows: 

A a  = ( 2 / 6 1 / 2 ) [ a 3  - (a1 + a 2 ) / 2 ]  

AB = (a1 - a2)/2 (2) 

In terms of these quantities, the spherical components in 
the segmental frame are 

c~o‘~’(S) = ACY 

a*l(2)(S) = 0 (3) 

C X ~ ~ ( ~ ) ( S )  = A@ 

These components are related to the laboratory-based 
segmental quantities as follows. Let ay2 be the yz com- 
ponent of a for the molecule in laboratory coordinates. For 
incident light polarized in the z direction, the appropriate 
function which measures the dynamics of fluctuations in 
the polarizability in the depolarized type of measurement 
is (ay,(0)ayz*(t)). To evaluate this we need a1(2) and 
the spherical components of the molecule expressed in 
laboratory coordinates. The connection is 

ayz = ( - i / 2 ) ( a 1 ( 2 )  + (4) 
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where the are given by 
+9 

and 

Here amP) are the spherical components of the molecular 
polarizability in the molecule-based coordinate system, 
Dmt+1(2)(Q) are the Wigner rotation matrices,13 and Q rep- 
resents the orientation of the molecular frame in the lab- 
oratory frame. The molecular spherical components 
amJ2)(M) can be expressed in terms of the spherical seg- 
mental components Luk‘2’(s) by the equation 
a m A 2 ) ( h f )  = c ~ k , ‘ 2 ) ( s ) ~ k , , ~ 2 ) ( ~ l )  + 

ki  

C a k , ( 2 ) ( S ) D k n m ’ ( 2 ) ( 5 2 )  + + Cak~2)(s)Dk,’(z’(fiv)iV) (7) 
k2 kN 

where each sum represents in turn the contribution to 
a(M) of a given segment. The angular sets (tjl give the 
orientations of the successive segments in the molecular 
frame. If we take the z axis of the molecular frame to be 
the molecular axis, then since13J4 

D qm , @ ) ( E . )  J = e-iqajdqm,(2)(le.)e-im’rj J (8) 

we have for our model Pi = 0 for all segments since is 
the angle between successive z axes of the segments, a j  = 
0 for all segments, and the yj are the orientation angles 
of the segments; viz., y j  is the angle between the x axis of 
the j th  segment and that of the molecular frame. Since14 

d,,P)(O) = (9) 

then 
C a k i ’ 2 ’ ( S ) D k , , , ‘ 2 ’ ( 5 j )  = CY,t(2)(S)e-im’yi (10) 
kl 

and thus from eq 7 and 10 we have 

a,,@)(M) = a,,@)(s) Ce-im’yi (11) 
j =  1 

From eq 3 this then gives for the spherical components of 
the molecular polarizability in the molecular frame the 
following results: 

a0@)(M) = N A a  
N 

j=l 

N 

j = l  

a1(2)(M) = APCe-2iYi (12 )  

q ( 2 ) ( 1 M )  = ApCe2iYj 

Combining eq 4, 5 , 6 ,  and 12 gives for ayz, as observed in 
the laboratory, the result 
ayz = ( - ~ / ~ ) ( N A c Y ( D O ~ ‘ ~ ) ( Q )  + D,-,-1@)(Q)) + 

A@(D2,(’)(Q) + D2-1(2)(s2))(Ce-2iyj + Ze2’yj)] (13) 

To obtain (ay,(0)ayz*(t)), we use eq 13 to construct the 
ensemble average. In our model, the rotations of segments 
about the molecular axis cause negligible effects on the 
overall rotational motion of the molecule since the rodlike 
character of the molecule is unaffected by such motions. 
Interactions between segmental rotations and overall ro- 
tation will be significant only for the unlikely case where 
these processes occur at comparable rates. For all cases 
of practical interest, Q and the 7, relax at  greatly different 
rates, and terms in (ayz(0)ayz*(t)) which involve them can 

j J 
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be averaged independently. Thus we have 
(a,,(0)ay,*(t)) = 

[A@(A~y)~R~(t)/21 + (A/3)2R2( t)CC ( e 2 L ( y j ( t ) r k ( o ) ) )  (14) 
I k  

In eq 14 we have made use of the relation15 

(Dq,‘2’(n(t))Dq~,*(2,(sl(o))) = Rq(t)6,,+ (15) 

where R( t )  is the autocorrelation function for a cylindri- 
cally symmetrical 

R,(t) = exp(-[68, + q2(811 - 8,)ltI (16) 

Here 811 and O1 are the rotational diffusion constants for 
rotation about, and perpendicular to, respectively, the 
molecular axis. 

If the segments have cylindrical symmetry, then AB = 
0, and we recover Pecora’s result16 for a cylindrically iso- 
tropic rod. When the segments are cylindrically aniso- 
tropic, AB # 0 and contributions to the autocorrelation 
function arise both from overall rotation via R2(t) and from 
segmental orientations via the sum S( t )  defined by 

s( t )  = ( e 2 i ( Y l ( t ) - Y k ( o ) ) )  (17)  

The time scale of R2( t )  and of Ro(t)  are both determined 
by overall molecular rotation, although the relaxation time 
in R2(t )  involves both 81 and 01, where Ro(t) involves only 
the latter. The sum Sit), on the other hand, contributes 
a time dependence to the autocorrelation function arising 
from local orientations and oscillations about the molecular 
axis, both processes being considerably faster than the 
overall rotation of the molecule. 

We now examine S( t )  for the case where adjacent seg- 
ments interact via a harmonic potential. To evaluate S( t ) ,  
we make use of the discove+l0 that a model of successive 
elements which interact harmonically when twisting 
motions occur is equivalent to the Rouse-Zimm spring- 
and-bead model of translational motions, provided that 
the twisting motions are overdamped viscous motions 
about equilibrium rotation angles (7;). The force constant 
K (actually a torque constant) and the segmental diffusion 
constant Db which occur below refer to rotational motion 
of a segment about the molecular axis. The angular co- 
ordinates of the segments ( y j ]  can be related to normal 
coordinates ( q k }  by the relationships 

Y = Qs + Y‘ (18) 

N 

j ,k  =1 

Q j k  = (2/N)1/2(1/21/2); k = 0 

Qjk ( 2 / N ) ’ / 2 ( ~ ~ ~  [ k d j  + Y z ) / N I ] ;  1 I k I N - 1 
(19) 

In terms of these normal coordinates eq 17 can be written 
(20) 

To evaluate the averages over the normal coordinates 
in eq 20 we proceed similarly to Pecora,17 who evaluated 
an analogous equation while treating the Rouse-Zimm 
model. In our case, since the motions are rotations and 
not translations, proper attention must be given to the 
limits of integration and to normalization constants in the 
appropriate probability functions. Also, we must distin- 
guish the zeroth normal mode, which corresponds to a free 
rotation of all segments in concert about the molecular 
axis, from the other N - 1 modes which correspond to 
cooperative relative motions of the segments. For the 
probability 9,(0) of observing qm(0) at time zero we have 

s(t) = CC ( e ~ i [ ~ m ( Q j ~ ~ m ( t ) - Q ~ m r t m ( o ) l )  ( e 2 i ( Y { W y k ’ ( O ) )  

I k  

1/27r; m = O  (21) 
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and 
a m  = ( 1 / 2 ~ ( 7 7 m ~ ) ) ’ / ~  exp(-7trn2(0)/(qrn2)); m 2 1 (22) 
where the equilibrium value of qm2 can be written in terms 
of the torsional force constant K and the eigenvalue Am2 = 
4 sin2 (m?r/UV) and the relaxation time 7, of the mode as 
follows: 

where k is Boltzmann’s constant and T is the absolute 
temperature. For the conditional probability #,(t) of 
finding a value vm(t) ,  given an earlier value qm(0), we have 

where the relaxation time T, can be expressed in terms of 
X r n , ~  and the segmental rotational friction constant t b  by 
the equation 

rrn = l b /KXm2 (25) 
The contribution of segmental motions can now be eval- 
uated by using eq 20-25: 
S(t)  = 

The result is 
S ( t )  = 

(27) 
A result essentially equivalent to eq 27 was obtained by 

Allison and Schurr.lo Their eq 9, however, contains only 
the j = lz terms, as is appropriate for the fluorescence 
depolarization which they treated. Depolarized light 
scattering, however, requires also the terms for which j # 
12.  

In Appendix A a formal result is given for eq 27. This 
result, which is given in terms of integrals of Bessel 
functions, is not as useful for obtaining insight into the 
conditions which correspond to observing the experimental 
results of BBP as is an approximate solution. Accordingly, 
we examine a short-time solution of eq 27, Le., for times 
long enough for inertial effects to be negligible but short 
in the sense that e - t f 7 m  N 1 - t rp. For the product in eq 
27 we thus have n m e - 2 ( ~ m z ) ( Q j m ~ ~  e 4 & Q j m Q h ,  which gives, 
Since CmQjrnQkm = (1 - 1 / N ) b j k  and Db = N811, 
s(t) = e - 4 D b t C C  ( e 2 i ( Y { ( k ) - Y k ’ ( o ) ) )  ~ e - 2 ( V m z ) ( Q j m - Q k m ) 2  (28) 

I k  m 

For the j = k terms, this gives 

s(t) = e-4DdC ( e z i ( y { ( t ) r i ’ ( O ) ) )  (29) 
I 

We show in Appendix B that for the j # k terms 
ne-2 ( Vm2) (Qjm-Qkm)’ = e(-*T/ W k l  (30) 
rn 
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The short-time solution for S ( t )  is thus 
s(t) = e-4DbtC(e2i(rj’(t)-rj’(O))) + 

J 
e-4811t2x( e2i(r/(t)-Yk’(O)))e(-2kT/K)li-kl; j # k (31) 

J k  

and substituting this result in eq 14 gives 
(ay,(0)a,,*(t)) = 
[ W ( A a ) 2 R o ( t ) / 2 ]  + (Ap)2R2(t)(e-4D&C ( e2i(yJ’(t)TJ’(o))) + 

J 

e-481ltC ( e 2 i ( y j ’ ( t ) - ~ k ’ ( 0 ) )  )e(-2kT/dli-kl I; i # k (32 )  

The time dependence of the polarizability autocorrela- 
tion function for this model has contributions arising from 
the following three sources: (1) Overall rotation of the 
molecule via terms involving R,(t), R,(t), and 011. These 
occur on a time scale of ca. s. ( 2 )  Conformational 
transitions. In eq 32, these give changes in the population 
of the equilibrium states, (y!). Such changes occur on a 
time scale of ca. s. (3) Torsional oscillations about 
equilibrium states. These are reflected in eq 32 by the 
segmental rotational diffusion constant Db and the force 
constant K. These changes occur on a time scale of ca. 

Discussion 
We consider first the molecular weight dependence of 

the various terms in eq 31. The first term is proportional 
to W ,  and as has been indicated above, is identical with 
Pecora’s result for a cylindrically symmetrical rod. The 
term involving exp(-4Dbt), which arises from independent 
rotations of segments, is proportional to N .  This contri- 
bution will be unobservable for large macromolecules: not 
only is the weighting by N negligible compared to 
weighting by iV but, in addition, this relaxation occurs too 
rapidly to be observed. 

The situation is different for the contributions arising 
from interactions between the segments, where j # k .  If 
the value of (exp(2i(yj’(t) - yk’ (0 ) ) )  does not depend on 
the locations of segments j or k ,  then the weighting of the 
term in question becomes proportional to the quantity 
C j Z k e x p [ - ( 2 k T / ~ ) [ i  - kl ] .  If 2 k T / ~  - m, then this term 
vanishes irrespective of the value of N, this is because this 
case corresponds to independent (and therefore nonin- 
teracting) segments. If 2 k T / ~  - 0, however, this term is 
weighted by a factor of W .  This limit corresponds to a 
long stiff rod, i.e., to strongly interacting segments. For 
large N ,  a pair of segments can be chosen in W ways. 
Rewriting eq 32 for the case of large N and small kT/K we 
obtain 

J k  

9. 

( ~ y , ( 0 ) ~ y z * ( t ) )  = 
[ ~ ( A M ) ~ R ~ ( ~ )  / 21 + W (  Ap)2R2(t)e-48~~tC( t )  (33) 

where 

c(t) = C J 2 i ( y j ’ ( + ~ k ’ ( O ) ) )  (34 )  

Examination of eq 33 shows that if (a,,(O)a,,*(t)) is to 
have a time dependence different from that of the overall 
molecular rotation, then it must arise from C(t) ;  Le., con- 
formational transitions between equilibrium states must 
occur. 

To evaluate C( t )  in a way which is both simple and 
illustrative, we employ a two-state jump model. Let ya and 
7 b  be the two equilibrium states, let u be the statistical 
weight of state b relative to state a, and let X, and Ab be 
the probabilities per unit time of a jump from the sub- 
scripted state to the other state, respectively. The a priori 
probabilities that a bond be found in a given state are 

I k  
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Pa = 1/(1 + a) 

Pb = a / ( l  + 0) (35) 

The conditional probabilities P(mtllo) of finding any one 
bond in state m a t  time t ,  given that any bond is known 
to be in state 1 at time zero (m and 1 each are either a or 
b)  are easily found by recognizing that the interconversion 
between states a and b is equivalent to the standard 
problem of two reversible first-order reactions. The results 
are 

Since for the two-state jump model C ( t )  can be written 

C( t )  = C e-2i~P(mtllo)e2iym (37 )  
1 m=a,b 

we obtain, using eq 35, 36, and 37 and the relation A,/Ab 
= u  

C ( t )  = 

(38 )  
This can also be written in the following way to display 
the effect of the energy difference between the states (via 
a): 

C( t )  = 

cos 217, - 

(39 )  
Equations 38 and 39 show that torsional jumps between 
the equilibrium states produce no observable effect if IA, 
- Xbl = r; i.e., C(t)  = 1 for all values o f t  for this case. This 
is because a rotation of ir does not produce a detectable 
change in polarizability. The maximum effect on relaxa- 
tion occurs when IA, - Ab1 = r / 2  and u = 1. 

Skolnick and HelfandI8 have applied Kramers’ reaction 
rate theorylg to the conformational transitions experienced 
by a bond attached to tails of varying lengths and con- 
sisting of various sequences of bond states. Using rea- 
sonable values for the molecular parameters required to 
calculate the rate of a t - g+ transition for polymethylene, 
they find values a t  100 “C which are typically ca. 2 ns-’, 
with no dependence on total chain length. By correcting 
this result for (a) the friction constant of a polystyrene 
monomer compared to that of a polymethylene monomer 
and (b) the effect of temperature, we obtain a value of ca. 
0.4 ns-’ for polystyrene a t  25 “C (using still, however, the 
force constants and activation energy appropriate to 
polymethylene). A crude, but representative, estimate of 
the relaxation time of conformational transitions of this 
type should therefore be ca. 2 or 3 ns-l for polystyrene. 
This is only 30-50% lower than the relaxation rate ob- 
served by BBP for the broad, molecular weight inde- 
pendent contribution to their spectra. 
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Having established the plausibility of the jump model 
which leads to eq 39 for C ( t ) ,  we can write eq 33 as follows: 
(ay,(0)a,,*(t)) = 
P ( A a ) 2  exp(-6O,t) p ( A p ) '  +- exp[-(20, + 80ll)tl X 

I 10 5 
2a 

(1 + a)' 
1-- (1 - cos 217, - Ybl)[1 - exp(-[l + a lh~t ) ]  

(40) 

Macromolecules 

plicitly adopted the Rouse dynamical model, and by 
Norisuye and Yu,~O who, in effect, use the same model by 
assuming a normal coordinate transformation of posit ion 
coordinates. In either case, the predicted spectrum consists 
of a set of N equally weighted Lorentzians. The crucial 
factor omitted in these treatments is the presence of an 
interaction between segments which affects their mutual 
orientations. 

Lin and Wang21 have considered the role played by 
torsional oscillations in depolarized scattering but they 
conclude that these oscillations make a direct contribution 
to the observed spectrum whereas our model utilizes such 
oscillations only as a device to introduce orientational 
correlations. Torsional oscillations occur too rapidly to be 
observed directly and, a t  least in our model, with a very 
low intensity; cf. the remarks following eq 32 above. 
Furthermore, the segmental angular displacements treated 
by Lin and Wang are actually only indirectly related to 
torsional oscillations. These displacements are expressed 
not as rotations about chain bonds but as rotations with 
respect to an axis defined in terms of some average con- 
figuration of the molecule. 

The artificiality of our model does not justify either a 
more systematic application to experimental data or a 
more elaborate treatment of the conformational transitions 
than the simple-jump model presented above. The sig- 
nificant point which this model does allow us to make is 
that intersegmental interactions of some sort are necessary 
in order to account for the observations of BBP. We do 
not here favor or reject any particular mechanism of in- 
tersegmental interaction. The harmonic potential was 
employed not because we insist that torsional oscillations 
must play a major role in the depolarized scattering from 
real chains but because of the mathematical simplications 
which are thereby introduced. We conjecture, however, 
that any satisfactory explanation of the observations of 
BBP will require the introduction of some type of inter- 
segmental interactions. 

Acknowledgment is made to the donors of the Petro- 
leum Research Fund, administered by the American 
Chemical Society, and the Louisiana State University 
Council on Research for partial support of this research. 

Appendix A 
We present here a formal result for eq 27. Consider the 

m factors in F,  where 

The spectrum I ( w )  corresponding to eq 40 is 

X 
20, + 8611 h" 2a +-- 

w2 + (20, + 8611)~ 1 0 ~  (1 + a)2 

This result, valid for large N and for the case of strongly 
interacting segments, shows that the spectrum I (w)  consists 
of three Lorentzians. The first two of these have line 
widths which depend strongly on molecular weight since 
overall molecular rotation is the only process responsible 
for the broadening. The line width of the third Lorentzian 
is dominated by the rate of conformational transitions and 
is essentially equal to (1 + a)Xb,  a quantity which is in- 
dependent of molecular weight. The ratio of weighting 
factors of the second and third Lorentzians is (1 - A ) / A ,  
where 

The quantity A vanishes if 17, - Ybl = 0 or a and is a 
maximum when Iya - Ybl = a/2.  For this case, and as- 
suming as a typical value a = 0.414, we find that A = 0.88, 
so (1 - A ) / A  = 0.13. For equal probabilities of the two 
states -ya and yb, a = 1.0, and then A = 1.0 and (1 - A ) / A  
= 0. Thus, to a good approximation we may regard eq 41 
to be dominated by two Lorentzians, the first and the 
thilrd, so that I ( w )  can be written 

~ ( A c Y ) ~  60, 
I ( w )  = - + 

2 0 ~  w2 + (60J2 

(43) 

This equation exhibits the main features observed by BBP: 
two Lorentzians which have unequal weights, one of which 
has a narrow line width which is molecular weight de- 
pendent (via 0,) and the other of which is broad and 
molecular weight independent (via (1 + a)&). In order 
for the ratio of the weighting factors in eq 43 to have the 
1:4 value observed by BBP a t  high molecular weights, we 
find, using A = 0.88, that a1 - cy2 = [a3 - (cy1 + a2)/2](0.18). 
This result means that the segmental deviation from 
cylindrical isotropy is ca. 18% of that of the "main" de- 
viation, i.e., of the difference between the polarizability 
along the segmental z axis and the average of the values 
perpendicular to that axis. This appears to be a reasonable 
value. 

The spectrum predicted by our model differs signifi- 
cantly from that predicted by Ono and 0kan0 ,~  who ex- 

 MAD)^^ (1 + o)x, 

W 2  + [(I + ( r ) x b I 2  

rn 

This can be written 

where 

m 

The second equality in eq A3 is proven in Appendix B. 

H = e(-kT/K)S (A5) 
Using eq 18, 23, and 35, we can write H as 

where 
S =  
1 N cos [ ( m a / N ) ( k  - j)] + cos [ ( m a / N ) ( K  + j + 1)1 -c  
Nm=1 sin2 (ma/2N)  
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where A 4~/[. For large N, this can be written 
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2(vrn2)(Qjrn - Qkrn)' = 
4 k ~  1 sin2 [maG + k + 1)/2N] sin2 [ m d j  - k)/2N] 

031) 
where we have used cos A - cos B = -2 sin [(A + B)/2] 
sin [(A - B)/2]. Thus 

n e-2 (sm2) (Qp-Qkm)'  = e(-4kr/d11 (B2) 

-- 
K N  sin2 (ma/2N) 

rn 

where 
z1 = 

1 N-1sin2 [ m d j  + k + 1)/2N] sin2 [ m d j  - k)/2N] -c  Nm=1 
033) 

sin2 (ma/BN) 

When N is large, this can be written 

1/2sin2 [tG + k + I)] sin2 [ t v  - k ) ]  
I1 = - dt  (B4) 

a 2l sin2 t 

Futhermore 
1 - COS [2tG - k)] 

2 (B5) sin2 [ tG - k ) ]  = 

and 
sin2 [t(j + k + I)]  

sin2 t 
- - 

j + k  

p=l  
G +  k + 1) + 2 C G +  k + 1 - p )  COS (2pt) (B6) 

where (B6) makes use of the r e l a t i ~ n s h i p ~ ~  
rn-1 

p=l 
sin2 (rnB)/sin2 B = m + C (m - p )  cos (2pB) (B7) 

Combining (B4), (B5), and (B6) gives 
I1 = I 2  - 1 3  (B8) 

where 
I, = 

j + k  L 1 " 2 [ G  + k + 1) + 2 C 0' + k + 1 - p )  cos (2pt)l dt 
a 0  p=l 

(B9) 
and 

13 = LJ"'2COS [2tG - k)](G + k 1) + 
a 0  

j + k  

2 C 
p=l  

+ k + 1 - p )  COS (2pt)J dt (B10) 

Since I2 = 0' + k + 1)/2 and Z3 = 0' + k + 1)/2 - - k1/2 
Z1 = - k1/2 (B11) 

(BW 

and 
ne-2 ( ?m2) ( Q , m - Q d 2  = e(-2kT/n)kkl 
rn 

which is eq 30. 
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Furthermore 

Mm(a) = e-a/2J1(cos mx)e(u/2) dx (A10) 

and therefore 

Mm(a) = e-*/27r1rn(a/2) (Al l )  
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ABSTRACT: The multiple scattering theory for the concentration dependence of the viscoelastic properties 
of polymer solutions is rederived with a discrete bead-type model for the polymer chains and the familiar 
Rouse and Zimm matrices. The use of the discrete chain model is helpful to eliminate errors arising from 
considering the limits of long wavelength, low frequencies, and long (essentially continuous) chains in improper 
orders or in an approximate fashion. The discrete chain representation enables us to prove the following 
theorems for phantom polymer chains: (i) There is no hydrodynamic screening, i.e., no Darcy’s law retarding 
forces on the polymers, for individual chains at infinite dilution. (ii) Theorem i enables us to convert the 
multiple scattering theory correlation function for the frequency-dependent intrinsic viscosity identically into 
the Rouse-Zimm expression within the preaveraging approximation. (iii) The hydrodynamic screening is 
shown to vanish term by term in the multiple scattering expansion and, hence, to all orders in concentration. 
From theorem iii and results on the concentration dependence of the viscosity of suspensions of spheres, it 
becomes clear that the origin of hydrodynamic screening lies in the presence of entanglements and interchain 
interactions. The mathematical complexity of the description of entanglements leads us to consider only 
a qualitative phenomenological model of the hydrodynamic screening and the transition it induces from 
low-concentration Rouse-Zimm-type behavior to high-concentration Rouse-like hydrodynamic properties. 

1. Introduction 
The Rouse-Zimm theory1p2 has been widely successful 

in providing a molecular basis for the understanding of the 
viscoelastic and frictional properties of individual polymer 
chains in solution? Despite its enormous utility, the theory 
is limited to the case of infinite dilution (one polymer 
molecule), very low frequencies (S104-106 Hz), and zero 
shear rate (a stationary fluid). A treatment of the higher 
frequencies requires a molecular understanding of the 
phenomena which have been classified under the pheno- 
menological heading of internal viscosity, while a de- 
scription at  nonzero shear rates necessitates a fully non- 
linear theory. 

We have provided a comprehensive theory of the con- 
centration dependence of the viscoelastic properties of 
polymer solutions based upon a multiple scattering for- 
mulati~n.~-” In this representation the fluid velocity field 
is represented as a superposition of all possible processes 
in which the incident fluid velocity field has its flow 
patterns disturbed, or scattered, by no polymer chains, by 
one chain, by two chains, etc., with all possible sequences 
of scattering by many chains. The theory has been im- 
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plemented in dilute and in concentrated solutions. In the 
latter case an effective medium theory6-10 is utilized to 
provide a physically simple self-consistent formulation of 
the concentration-dependent hydrodynamics. The infi- 
nite-dilution limit is found to agree with the Rouse-Zimm 
predictions of the frequency-dependent intrinsic viscosity 
[ ~ ( w ) ] ,  although a detailed proof has not yet been given 
to demonstrate that the multiple scattering representation 
correlation function expression for [77(0)] is indeed 
equivalent to the Rouse-Zimm theory. Here we show, in 
fact, within the popular preaveraging approximation the 
complete equivalence of the two theories a t  infinite dilu- 
tion. 

The multiple scattering theory of Freed and Edwards 
is, however, also applicable for nonzero polymer concen- 
trations. The theory has shown the importance of 
“hydrodynamic screening” in producing a transition from 
a Rouse-Zimm-like viscosity function, depending on cWl2 
(in 8 solvents), where c is the polymer mass concentration 
and M is the molecular weight, at lower concentrations to 
a cM-dependent viscosity for high concentrations but 
nonmacroscopically entangled solutions. This  
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